ABSTRACT. Zeckendorf's Theorem states that every integer can be written uniquely as a sum of non-adjacent Fibonacci numbers {F n : n ∈ N} (with F 1 = 1, F 2 = 2, etc.). This sum is known as the Zeckendorf decomposition. Similarly to base 2 decompositions of integers, a natural number has a Zeckendorf decomposition of length n if F n is the largest summand in its decomposition. A natural probabilistic structure is obtained by considering the uniform measure Q n on decompositions of length n. This leads to questions on statistical properties of the decompositions. Lekkerkerker's theorem provides the mean number of summands under Q n , and more refined results include laws of large numbers, central limit theorems, and asymptotic distribution of gaps between indices appearing in decompositions. When instead of Fibonacci numbers one considers sequences which are solutions to linear recurrences with positive integer coefficients, under natural conditions there exists a unique decomposition. Similarly to the Zeckendorf and base B-decompositions, one can define the length of the decomposition, and then study the statistical properties of the decompositions under the uniform measure on decompositions of length n. All results mentioned above for the Fibonaccis have been extended to this setting. We introduce a unified probabilistic framework for this setting, based on the observation that the resulting distributions coincide with the distribution of a conditioned Markov chain. This allows us to obtain results on decompositions from analogous results for Markov chains. As an application, we reprove, sharpen and generalize existing results, as well as obtain some results which have not appeared before on the distribution of the maximal gap between indices of summands in the decompositions.
INTRODUCTION
There are many ways to generalize base B expansions of integers. One interesting choice is the Zeckendorf decomposition. If we define the Fibonacci numbers {F n } by F 1 = 1, F 2 = 2 and F n+2 = F n+1 + F n , then every integer can be written uniquely as a sum of non-adjacent Fibonacci numbers. This is known as Zeckendorf's Theorem [Ze] . For integers m ∈ [F n , F n+1 ), using a continued fraction approach Lekkerkerker [Lek] proved that the average number of summands is n/(ϕ 2 + 1), with ϕ = 1+ √ 5 2 the golden mean. The precise probabilistic meaning of "average" is the expectation with respect to the uniform measure on the decompositions of integers in [F n , F n+1 ), and then Zeckendorf's theorem provides an asymptotic statement on a certain statistic under the sequence of uniform probability measures on decompositions of length n, as n → ∞. Analogues hold for more general recurrences, such as linear recurrences with non-negative coefficients [Al, BCCSW, Day, GT, Ha, Ho, Ke, Len, MW1, MW2] , generalizations where additionally the summands are allowed to be signed [DDKMU, MW1] , and f -decompositions (given a function f : N → N, if a n is in the decomposition then we do not have a n−1 , . . . , a n−f (n) in the decomposition) [DDKMMU] . The notion of a legal decomposition below generalizes the non-adjacency condition. Definition 1.1. Given a length L ∈ N and coefficients c 1 , . . . , c L ∈ Z + with c 1 C L > 0, the corresponding positive linear recursion is a sequence 1 = G 1 , G 2 , · · · ∈ N satisfying: G n+1 = c 1 G n + c 2 G n−1 + · · · + c n G 1 + 1, n = 1, . . . , L.
(1.1) Definition 1.2. Given a positive linear recursion with coefficients c 1 , . . . , c L , an integer N has a legal decomposition of length n ∈ N if there exist a 1 ∈ N, a 2 , . . . , a n ∈ Z + , such that
2) and • n < L and a i = c i for 1 ≤ i ≤ n; or • there exists some s ∈ {1, . . . , L} such that a 1 = c 1 , a 2 = c 2 , . . . , a s−1 = c s−1 , and a s < c s , a s+1 , . . . , a s+ℓ = 0 for some ℓ ≥ 0,
with b i = a s+ℓ+i , is either legal or empty. In the sequel we will fix a linear recurrence as in Definition 1.1. From Theorem 1.3 it follows that there's a one-to-one correspondence between the set of integers in [G n , G n+1 ) through (1.2), where the integer N is mapped to its legal decomposition (a 1 (N), . . . , a n (N)). Let Q n denote the uniform distribution on the legal decompositions of integers in [G n , G n+1 ), and with this identification it is natural to consider N and a 1 (N), . . . , a n (N) as random variables. In what follows, we denote expectation with respect to Q n by E Qn .
For N ∈ [G n , G n+1 ), (1.2) can be rewritten as
where 1 ≤ i 1 ≤ · · · ≤ i k(N ) ≤ n. The random variable k(N) gives the number of summands in the generalized Zeckendorf decomposition, and was the main object of previous works. The first result was Lekkerkerker's theorem on the asymptotic expectation of k(N) when G n = F n . Here is its generalization to our setting.
Theorem 1.4 (Generalized Lekkerkerker's Theorem).
There exist constants C Lek > 0 and d such that E Qn k(N) = C Lek n + d + o(1), as n → ∞.
(1.5)
Once the average number of summands has been determined, it is natural to investigate other and finer properties of the decompositions. Three natural questions concern the fluctuations in the number of summands k(N) about the mean, the distribution of gaps i j+1 (N) − i j (N), j = 1, . . . , k(N)−1 between adjacent summands, and the length of the longest gap in a decomposition. For positive linear recurrences as in Theorem 1.3, the distribution of the number of summands converges to a Gaussian with computable mean and variance, both of order n. There is an extensive literature on these result. See [DG, FGNPT, GTNP, LT, Ste1] for an analysis using techniques from ergodic theory and number theory, and [KKMW, MW1, MW2] for proofs via a combinatorial perspective. As before, all these are statements on the asymptotic behavior of certain statistics of generalized Zeckendorf decompositions of integers in [G n , G n+1 ) under the uniform measure, as n → ∞.
Results on the distribution of gaps between adjacent summands have recently been obtained by Beckwith, Bower, Gaudet, Insoft, Li, Miller and Tosteson [BBGILMT, BILMT] . They show that the distribution of gaps larger than the recurrence length converges to that of a geometric random variable whose parameter is the largest eigenvalue of the characteristic polynomial of the recurrence relation. For gaps smaller than the recurrence relation closed forms exist for special recurrences, though with enough work explicit formulas can be derived for any given relation. They also determine the distribution of the longest gap, and prove the behavior is similar to that of the length of the longest run of heads in a sequence of tosses of a possibly biased coin. Their proofs are a mix of combinatorics and a careful analysis of polynomials associated with the recurrence relations. The details become involved as some of the associated polynomials depend on the inter-
The main goal of this paper is to obtain a Markov-chain description of the sequence Q n rather than focusing on statements on asymptotic behavior of some explicit statistics. We will show that there exists a finite-state Markov chain such the distribution of the first n steps, conditioned to avoid a certain fixed subset of states is equal to Q n . This type of process is also known in the literature as the Doob transform or the h-transform of the Markov chain. We will show how to adapt classical results on finite-state Markov chains to our model, and will apply this to obtain a new proof for previously derived results mentioned above, as well as some new results. The focus in this paper is on laws of large numbers, central limit theorem and gap distribution (which could be viewed as renewal theory), but the message is that essentially any result on finite state Markov chains could be adapted to this new situation, and this includes large deviations, law of iterated logarithm, functional central limit theorem, etc.
The paper is organized as follows. In Section 2 we describe the Markovian model, and how to obtain large-time asymptotics for our model from that of the underlying Markov chain. In Section 3 we present the results additive functionals in a setting which includes our particular model, first by introducing the theoretical results in Section and then applying them to the generalized decompositions in Section 3.2. These results include sharp estimates on expectation, a law of large numbers and a central limit theorem. In Section 4 we then apply the results on additive functionals to the generalized Zeckendorf decompositions. Our treatment includes all additive functionals, and the number of summands, extensively studied in the past is just one example. As another example, consider the number of times a certain subset of digits (values attained by a s ) appears, and the number of s for which a s < c s , or even (pushing the ideas further), the number of gaps of a certain size. In Section 4 we treat the gap distribution as a consequence of the regenerative structure of the underlying Markov chain, and the analogy with Bernoulli trials.
PROBABILISTIC APPROACH
We remind that throughout the discussion we assume that L ∈ N and the coefficients c 1 , . . . , c L ∈ Z + satisfy c 1 c L > 0 as in Definition 1.1.
The main idea is to show that for a given n ∈ Z + , the uniform distribution on generalized Zeckendorf decompositions consisting of n + 1 digits (that is, the (n + 1)-th digit is non-vanishing and all higher digits are not present) coincides with the distribution of a certain conditioned Markov chain. This provides a unified framework for the model, which, in particular, gives rather easy access to many asymptotic results. We first define the Markov chain. Let (X, Y ) = (X n , Y n ) : n ∈ Z + be the two-dimensional process with X n ∈ {0, . . . , max i c i } and Y n ∈ {1, . . . , L}. The idea is that X 0 , X 1 , . . . will be used to represent the coefficients a i in (1.2), while Y 0 , Y 1 , . . . will be used to keep track whether the X n 's satisfy the condition (1.3). This will be explained below, after we finish describing our construction. Let P denote the distribution under which this is an IID process, (X 0 , Y 0 ) being uniformly distributed over {0, . . . , max i c i } × {1, . . . , L}. Note that condition 3b and the assumption that Y n ∈ {1, . . . , L} for all n implicitly mean that in a legal realization
The main observation is the following. Given a legal realization and letting (compare to (1.2 
does not extend to a legal realization}. (2.2) With a slight abuse of notation, let Q n be the probability measure on the σ-algebra generated by
Since P is uniform, Q n is uniform over all finite realizations (X 0 , Y 0 ), . . . , (X n , Y n ) that extend to legal realizations. Any such finite realization corresponds to a unique Zeckendorf decomposition of length n + 1 given in (2.1). Conversely, every integer with Zeckendorf decomposition of length n + 1 corresponds to a unique finite realization (X 0 , Y 0 ), . . . , (X n , Y n ) extending to a legal realization. Therefore Q n could be identified with the uniform distribution on generalized Zeckendorf decompositions of length n + 1.
We now define an auxiliary process that allows us to introduce ideas on conditioned Markov chains. The reason for doing that is the following: τ is not a hitting or even stopping time for (X, Y ), as in order to determine whether τ = n, it is evident from Definition 2.1 3b. that on certain circumstances the value of Y n+1 is needed. Therefore, the probabilistic analysis of Markov chains through stopping times, and which is key to our approach, cannot be applied. To fix this, let Z n = (X n , Y n , Y n+1 ), and let Z = (Z n : n ∈ Z + ). Below we will write Z n (1) for X n , Z n (2) for Y n and Z n (3) for Y n+1 . It is easy to see that τ is a hitting time for Z. Specifically, letting
(2.5)
Under P , Z is a Markov chain. We abuse notation and denote its transition function by P as well. Since the measure P is uniform, it immediately follows that the restriction P L of the transition function P to L × L is an irreducible and aperiodic substochastic matrix. From the Perron-Frobenius theorem we know that P L possesses a Perron root λ c ∈ (0, 1) and corresponding left and right eigenfunctions, ν c and ϕ c , respectively, whose entries are strictly positive. We normalize them so that ϕ c and ν c ϕ c are probability measures. Let Q be a stochastic transition function on L × L defined as follows:
Observe that Q inherits irreducibility and being aperiodic from P L . As a result, Q is ergodic, and we denote its unique stationary distribution by π Q . Recall that from the definition of a stationary distribution, π Q Q = π Q , if π Q is considered as a row vector, and it immediately follows that
We also define the marginal of the first coordinate π
Next we fix some notation. We write P µ for the distribution of the Markov chain Z under P with initial distribution µ, and E P µ for the corresponding expectation. When µ is a point mass δ z , we abbreviate and use z as a subscript instead of the notationally correct but cumbersome δ z . We also define the analogous expressions with Q instead of P . Finally, if µ is a probability distribution on L, we write E For applications, it would be useful to know more about Q. It turns out that the underlying structure is determined by the matrix C, which we now describe. Let C be the L × L matrix given by C = (C i,j ), C i,1 = c i and C i,i+1 = 1, and all other entries equal to 0:
Let λ C denote the Perron eigenvalue of C, ϕ C a corresponding positive right eigenvector and ν C a corresponding left eigenvector. A straightforward computation gives the following.
(2) Up to multiplicative constants:
C . With this lemma we obtain a description of Q.
Proposition 2.5. Let C be as in (2.16), and let λ c , ν c , ϕ c , respectively, be the Perron eigenvalue, and corresponding left and right eigenvalues for P L , the restriction of the transition function P to L, normalized so that ϕ c and ν c ϕ c are probability distributions. Then
for allowed transitions and is 0 otherwise. Furthermore, allowed transitions satisfy either of the following: (a) b ′′ = 1 and then the probability of the transition is
and then the probability of the transition is 1 −
. Example 2.6. For the standard Zeckendorf decomposition, we have
(a) The characteristic polynomial is λ 2 − λ − 1, and λ C = φ, where φ is the golden ratio
Identifying these states as 1, 2 and 3 in the order written, then
, and π
Proof of Proposition 2.5.
1. The first part is a straightforward calculation.
2. Observe that for the row of P corresponding to transition from (a, b, b ′ ), we have exactly |S 1 | × |S 2 | = (max i c i + 1)L allowed sites to transition to, and due to the choice of uniform distribution, all are of equal probability. As P is stochastic, its nonzero entries are equal to γ =
We will count the number of such non-zero entries according to the value of b We define a function ϕ on L by letting ϕ(a, b, b
, then according to the allowed transitions listed above, we have
. Thus γλ C = λ c , the Perron root for P L , and ϕ is a corresponding positive eigenvector. Next we want to find the corresponding left-eigenvector for P L . To do that, let D be the transpose of C, and let ν C be a Perron eigenvector. Define ν c (a, b, b
, . . . , L}, then there is exactly one allowed transition to it, that is from
The formula for π Q follows directly from (2.7) and the preceding identities, while the formula for K 1 K 2 follows from the calculation below.
3. This follows from (2.6) and parts 1. and 2.
3. ADDITIVE FUNCTIONALS 3.1. General Theory. In this section we will study some theoretical aspects of large-time behavior of additive functionals of an ergodic finite-state Markov chain, under a change of measure which generalizes the way Q n was obtained from Q. The assumptions in this section are the following:
Definition 3.1. Let Z = (Z n : n ∈ Z + ) be an irreducible and aperiodic Markov chain on the finite state space L with transition function Q. Let ϕ : L → (0, ∞) be a positive function, and let µ be a probability distribution on L. For every n ∈ Z + , let Q n be a probability measure on σ(Z 0 , . . . , Z n ) given by
We will consider the behavior of additive functionals of the form S n = n j=0 g(Z j ) where g : L → C under Q n as n → ∞. In the context of generalized Zeckendorf decompositions, an example for an additive functional is the number of, say, nonzero digits in the decomposition. In the next section, we show that gaps in the decomposition can be viewed as additive functionals of some Markov chain, so we can treat them with the same tools.
We need to fix some notation. Functions on L will interchangeably be viewed as column vectors. As an example, if g is such a function then Qg is to be identified as the function or, equivalently the column f vector given by f (z) = z ′ ∈L Q(z, z ′ )g(z). We will write hg for the product of such two functions, namely hg is the function given by (hg)(z) = h(z)g(z), z ∈ L. In addition, h(Qg) means the product of the function h and the function Qg, not their scalar product.
Let π Q denote the stationary distribution for Q. Recall that I − Q is invertible on the Q-invariant subspace of V , where V = {g : E π Q g(z) = 0}. We denote this inverse by Q # , and extend it to all functions by letting Q # 1 = 0. This is the only choice that guarantees that Q and Q # commute, 9 and Q # is known as the group inverse of Q. It is well-known that
Our first result is the following.
Proof. We will first prove (3.3). From Theorem 2.2 with f =S n , and the Markov property, we have that
.
# maps constant function to 0. In order to estimate (I), we recall that from the exponential ergodicity of irreducible finite state Markov chains, there exists ρ ∈ (0, 1) and c 1 > 0, such that for every function h and k ∈ Z + ,
, we have that E π Q h = 0. This allows us torewrite (I) as n j=0 E µg (Z j )E Z j h(Z n−j ). In order to estimate this sum, we break it into two parts. First
7) where the last inequality follows from (3.6). Next, let
Applying (3.6) to each of the functions h k , and observing that h k ∞ ≤ g ∞ h ∞ , it follows that for j ≥ ⌊n/2⌋ + 1,
Also, since π Q is the stationary distribution for Q, we have that
, and as a result
, and therefore
Since by our choice E π Q h = 0, it follows from (3.2) that the righthand side is equal to
, completing the proof of (3.3).
We turn to proving (3.4). We first prove the first equality.
Observe that by exponential ergodicity, (3.6), |E
, uniformly over z, and so
This completes the proof of the first equality in (3.4). It remains to the asymptotic equivalence of E Q QnS 2
n and E Q µS 2
n . This, again, follows from the exponential ergodicity, as we now explain. We haveS
(3.14) From the Markov property and exponential ergodicity (3.6), it follows that
Choose m = c ln n for c = 4/ ln(1/ρ). It follows that righthand side tends to 0 as n → ∞. In particular,
2 , and by Cauchy-Schwarz,
In summary, for all n large enough,
18) and the claim is proved.
We turn to laws of large numbers and central limit theorems for additive functionals. Theorem 3.3. Under the same assumptions of Theorem 3.2 we have:
Proof of Theorem 3.3. The Weak Law of Large Numbers follows from Chebychev's inequality and the asymptotic estimate for E QnS2 n given in Theorem 3.2:
We now prove the Central Limit Theorem. To do this we apply Proposition 2.3 with j n = n − ⌊ln n⌋ and
Observe that the choice of j n guarantees that condition 1. in the proposition holds. Next,
(3.21) Since |S n−jn | = O(ln n), it follows from bounded convergence that sup z E Q z |f n − f jn | → 0, and so condition 2. holds. Finally, we recall from the Central Limit Theorem for additive functionals of finite state Markov chains (e.g. [MW00] , [BAN12, Theorem 5] , that
where σ 2 = lim n→∞
n . The result now follows from Theorem 3.2.
3.2. Application to Zeckendorf. In this section we show how the results obtained in Section 3.1 apply to generalized Zeckendorf decompositions. In particular we will show that the generalized Lekkerkerker's theorem (Theorem 1.4) and the corresponding Central Limit Theorem are specials cases to Theorem 3.2-1 and Theorem 3.3-2. We will also carry out explicit computations for the standard Zeckendorf decomposition, where all quantities are easily computable.
In order to apply the results in the context of generalized Zeckendorf decomposition, in Definition 3.1 we identify L, Z and Q in the definition as the same quantities defined in Section 2, and also set ϕ = ϕ c , and µ =φ c , where ϕ c andφ c are as in Section 2. With these choices, the measure Q n of Definition 3.1 coincides with Q n of Section 2.
Recall k(N), the number of nonzero summands in the generalized Lekkerker decomposition of N, defined in (1.4). Let g : L → {0, 1} be defined as g(x, j, j ′ ) = 1 if and only if x > 0. Then if N ∈ [G n+1 , G n+2 ), the from (2.1) have that that k(N) = S n , where S N is the additive functional S n = n j=0 g(Z j ). Observe that E π Q g = 1 − π 1 (0), and sog = g − 1 + π 1 (0). Furthermore, since π Q (z) = ϕ c (z)ν c (z), it follows that E π Q 1 ϕc = ϕ 1 . The following therefore follow immediately from Theorem 3.2 and Theorem 3.3.
Corollary 3.4. For generalized Zeckendorf decomposition:
(1) Generalized Lekkerkerker's Theorem (Th. 1.4 ):
where
(2) Variance:
Corollary 3.5. For generalized Zeckendorf decomposition:
(1) Law of Large Numbers:
(2) Central Limit Theorem:
where σ 2 is as in Corollary 3.4
In the remainder of the section we compute all constants above for the standard Zeckendorf decomposition. First we need to compute Q # .
Example 3.6. For the standard Zeckendorf decomposition,
(3.29)
To prove the identity, recall the expressions for Q and π Q computed in Example 2.6. Let A = I − Q, and let v 1 = (0, 1, −1) t , v 2 = (1, 0, −φ) t , and v 3 = (1, 1, 1) t . Then E π Q v 1 = E π Q v 2 = 0. Since v 1 and v 2 are linearly independent, it follows that they span the A-invariant space V = {v : E π Q v = 0}. In addition Av 3 = 0. Letting q = 1 −
, a straightforward calculation shows that Av 1 = qv 2 + (1 + q)v 1 , and Av 2 = v 2 . Thus
Also, from Example 2.6 we have that π 1 (0) = φ+1 φ+2
,φ c is a point mass, and ν c 1 = 5φ+3 φ+2 . In addition, π Q = 1 φ+2 (φ, 1, 1) t , and ϕ c = 1 2φ+1 (φ, φ, 1) t . Since also g = (0, 0, 1) t , we have
(1 − 3φ, 2φ − 2, φ + 1) t , and Q # 1 ϕc = 1 5(φ−1) (−1, −1, φ + 1) t . As a result, we have the following.
Example 3.7. For the standard Zeckendorf:
We finally compute σ 2 . Clearly,g = (0, 0, 1) t − 1 2+φ
, and so the expectation is equal to
2 ) t , it follows that
We therefore have 
GAPS IN ZECKENDORF DECOMPOSITION
4.1. Gap Distribution. In this section we consider the asymptotic distribution of gaps between non-zero terms in the generalized Zeckendorf decomposition. This will be an application of our results on additive functionals from the previous section. We will first prove a statement on an "average" gap distribution, Theorem 4.1, and we will later prove convergence of empirical gap measures in probability, Theorem 4.2. Let us first define the notion of a gap. We work under the same assumptions and notation as in Section 2. Suppose that N ∈ N admits a legal decomposition (2.1) with X 0 > 0. Note that X j counts the repetitions of G n−j+1 , and if repeating more than 1 times, we can view this as X j − 1 gaps of size zero. If if X j > 0, than we have a gap of size 1 or larger, the size of the gap equal to min{k ≥ 1 : X j+k > 0}. Let N n (k) denote the number of gaps of size k in the first n digits, and let N n = k N n (k). We define the gap distribution µ n as a probability measure on Z + given by
To state the next theorem, let
denote the probability density of a Geometric random variable with parameter λ −1 C . We have
, and
Since k≥2 ν(k − 1) = k≥2 h(b, k) = 1, it follows that the limit lim n→∞ µ n (·) is a probability measure, which we denote by µ ∞ . A simple argument shows that a stronger result holds. For n ∈ N, define the empirical gap distributionμ n as a random measure on Z + , defined bŷ
We therefore have the following.
Theorem 4.2. For any
We comment that the expression for the limit in Theorem 4.1 is much simpler when c j > 0 for all j = 1, . . . , L. In this case H 2 = ∅. For the standard Zeckendorf, we have the following. and λ C = φ.
15
When some of the coefficients are zero, then some gaps of size ≥ 2 are forced by the recurrence relation, and taking this into account is the source of the lengthy expression in the theorem.
Example 4.4. Consider the recurrence relation with
(4.10)
In this example,
(4.11) There are no gaps of size 0 as the coefficients immediately show. Gaps of size 1 only appear in the form (1, 4, 1) followed by (1, 1, 2). Larger gaps can be formed as follows.
• Gaps of size k ≥ 2 through a sequence of the form (1, 4, 1), (0, 1, 1), . . . , (1, 1, 2), with (0, 1, 1) repeated k − 1 times.
• Gaps of size k ≥ 3 through a sequence beginning with (1, 1, 2), (0, 2, 3), (0, 3, 4), followed by (1, 4, 1) if length is 3, or by k − 3 repetitions of (0, 1, 1) followed by (1, 1, 2) otherwise. The larger gaps of the second type are forced by the recurrence, in the sense that the condition c 2 = c 3 = 0 implies Q((1, 1, 2), (0, 2, 3)) = Q((0, 2, 3), (0, 3, 4)) = 1, and so every time the sequence hits the state (1, 1, 2), a gap of minimal size 3 occurs. Let us see how this is reflected in the formula. H 1 = {(0, 1, 1), (0, 4, 1)} and H 2 = {(0, 2, 3)}. There's only one element in H 2 and therefore we omit the reference to b in the functions r, ρ, h. So r = 2, ρ = Q((0, 3, 4), (0, 4, 1)) = 1 2
, and the expression for h follows.
, and so π Q (z 5 ) = π Q (z 6 ) = p/2. We also observe that
, and the expression for the limit of µ n follow after some algebra.
Proof of Theorem 4.1. For a real number x, let x + = max(x, 0). We begin with gaps of size 0:
(4.13)
The ergodicity of Z under Q implies that
Before moving to gaps of larger size, we consider the total number of jumps. We have 15) and so from (4.14), (4.15)
We move to calculation of gaps of size ≥ 2. We will treat gaps of size 1 last. Let k ≥ 2. Then
It therefore follows from the Markov property and ergodicity that
where for D ⊂ L we have
, and 20) we can write
, and so this union does not necessarily contain all elements (0, b, b ′ ) ∈ L. However, it does contain all such elements which are accessible from A in one step (and more, whenever B 3 is not empty).
We now simplify the expression, beginning with the sum over B 1 . It is important to observe that B 1 is the subset of states in B accessible in one step only from A, In addition, if z 1 ∈ B 1 , then it immediately follows that z 2 = · · · = z k−1 = (0, 1, 1), and that allowed transition to (0, 1, 1) always have probability λ −1 C . As a result, we have that
and thus
Next we consider the sum over B 0 , namely z 1 = (0, 1, 1). Clearly:
Since (0, 1, 1) is accessible in one step either from A or from states in z ∈ B 0 ∪ B 1 ∪ B 3 and for all such z, Q(z, (0, 1, 1)) = λ −1 C , it follows that
Hence,
We now consider z 1 ∈ B 2 . Suppose then that z 0 ∈ A and z 1 ∈ B 2 and Q(z 0 , z 1 ) > 0. . . r, and we conclude that Q(z j , z j+1 ) = 1 for j = 0, . . . , r. We continue according the the following two cases.
The only allowed transitions from (0, b+r, b+r+1) to (x, b+r+1, 1) are to x = 0, . . . , c b+r+1 −1, all with equal transition probability. Since there are exactly c b+r+1 − δ L (b + r + 1) possible values for x, exactly one of which is with x = 0, letting
, we have
Summarizing the two cases, we conclude that
Next, when z 0 ∈ A, and z 1 ∈ B 3 , then Q(z 0 , z 1 ) = 0. Thus, we have proved
(4.30) Let z ′ ∈ B 3 . Then there exists a unique z 1 = (0, b+1, b+2) ∈ B 2 such that z
. Plugging this into the formula above, and noting that H 1 in the theorem is B 0 ∪ B 1 ∪ B 3 and H 2 in the theorem is B 2 , we obtain
We turn to gaps of size 1: (4.32) where in the second line we applied the Markov property. Let
, exactly one of the following holds.
• c b = 0, b ′ = b + 1, c b+1 = 0, and then Q(z, A) = 0.
From the argument in the paragraph above (4.31), and since Q(z, A) = 1 − Q(z, A c ) we obtain that
(4.36)
To finish the proof, we need to show that the results continue to hold when considering the measure Q n instead of Q. However, by the Markov property, the expectation under Q n of N n , and N n (k) are equal to the expectations of corresponding additive functionals. Therefore it follows from Theorem 3.2 that the expectations of N n (k) and N n under Q n are asymptotical equivalent to their expectations with respect to Q ϕc . The theorem now follows.
Proof of Theorem 4.2. We have
we can ignore the event {N n = 0}. Now for every fixed k ∈ A, we have
(4.38) Next observe that both N n and N n (k) are additive functionals for the process
. . , Z n+k ), and so we can consider N n (k) and N n as additive functionals of 39) it follows that the restriction of Q ′ n,k to events generated by Z 0 , . . . , Z n coincides with Q n . In particular, the distribution of the additive functionals N n and N n (k) for Z k under Q n,k ′ coincides with their distribution under Q n . From the variance estimate (3.4) in Theorem 3.2 applied to these additive functionals under Q ′ n,k , we conclude that
Now if A is infinite, letting A M = A ∩ {0, . . . , M}, we observe that
Fix ǫ, and let M be such that µ ∞ ({M + 1, . . . }) < ǫ. Thus for n large enough,
The measure of the first event on the right-hand side tends to 0 as n → ∞ by (4.41). As for the second event, it is equal to the event {μ n ({0, . . . , M}) < 1 − 2ǫ}. However, since, again by (4.41) µ(|μ n ({0, . . . , M}) − µ ∞ ({M + 1, . . . })| > ǫ/2) tends to 0, it follows that Q n ({μ n ({0, . . . , M} > 1−3ǫ/2) tends to 1. But this event is {μ n ({M +1, . . . , }) < 3ǫ/2}, and so Q n (μ n ({M +1, . . . , }) > 2ǫ) tends to 0 as well. The result now follows. 4.2. Maximal Gap. Next we consider the maximal gap M n , defined as
Although we can prove the results at the same level of generality as in the previous section, we prefer to keep the expressions cleaner and simpler, and will assume throughout this section that c 1 , . . . , c L > 0.
Our analysis is based on a renewal structure we now describe. We refer to the gaps of length k ≥ 2 as "long gaps", and denote the lengths of the long gaps, indexed by order of appearance, by (R j : j ∈ N). Observe that any long gap is followed by a (possibly empty) sequence of length-0 and length-1 gaps, independent of k, and is then followed again by an independent long gap. The number of the small gaps is bounded above by (L − 1) + i (c i − 1) = ( i c i ) − 1, as the first summand bounds the number of length-1 gaps and the second summand bounds the number of length 0-gaps. Let T m denote the first time exactly m long gaps are completed, m(n) = sup{m : T m ≤ n}. Observe that a long gap is completed whenever the digit zero is followed by a nonzero digit. Therefore
(4.45)
From the Markov property,
x > 0}, and repeating a similar computation as in the proof of the case k = 1 in Theorem 4.1, it follows that where α = 1/E Q ρ T 1 and ρ is the uniform distribution on c 1 elements: (x, 1, 1), 1 < x < c 1 and (c 1 , 1, 2). The limit above also holds in L 1 (Q), as m(n) ≤ n. Consequently
To state our result we need to introduce some additional assumption. We say that a sequence (n k : k ∈ N) of natural numbers tending to ∞ satisfies the spacing condition with respect to α and q if Roughly speaking, this means that n k α is eventually uniformly far from integer powers of 1/q in some normalized sense. Proof of Theorem 4.5. To prove the theorem, we need to recall some facts on the maximum of negative geometric random variables. Let G be a negative geometric random variable with parameter p ∈ (0, 1). That is, for k ∈ Z + , P (G ≥ k) = q k where q = 1 − p. Let G be negative geometric with parameter p. That is, G takes values in Z + , and P (G ≥ k) = q k , where q = 1 − p. We denote this distribution by Geom − (p). Let (G k : k ∈ N) be IID Geom We return to the proof. Fix some sequence satisfying the spacing condition. Abusing notation, we will refer to a generic element in the sequence as n. Observe that if we choose G j = R j − 2, then (G j : j ∈ N) is an IID sequence of Geom The same argument as before shows that for n large enough, 
